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ABSTRACT 

Synthesis has been defined as the rational directed evolu- 

t ion of a system configuration which, in terms of a defined 

cr i ter ion,  eff ic ient ly  performs a s e t  of specified functional 

purposes, 

idea to a system with a t h e m e l a s t i c  technology, 

is a three layered plate;  the- two layers of ceramic material 

for  thermal protection and the third > l a  er  of metal for  s t ructural  

purposes,, 

depth of each layer. 

a t  the surface and the two interfaces and the stresses a t  the 

upper and lower boundaries of the th i rd  layer. 

This work presents the application of the synthesis 

The system 

There are s i x  design parameters; the density and the 

The behavior constraint&,are the temperatures 
\ 

Side constraints 

are provided on the six design parameters, 

The merit function is the weight per unit  surface area of 

the plate ,  

used. 

discussion of a possible pseudo-design parameter, 

indicate that  a t h e m - e l a s t i c  system may be successfully synthy  

A steepest-descent alternate step synthesis method is 

Results of three example syntheses are includedwith a 

The resul ts  

si zed, 
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L SYMBOLS 

di depth of ith layer i n  inches 

upper limit on depth 

lower limit on depth 

i layer subscript 

node subscript 

thermal conductivity 

interface subscript 

Stephan-Boltzman Constant = 3.34 x 10 

time variable 

-15 Btu 'r4 i n  sec R 

9 

S 

t 

dimensionless depth ti 
A t  

C 

time increment 

displacement i n  x direction 

displacement i n  y direction 

displacement i n  z direction 

U 

V 

W 
.. 
X' - new design point 

occupied design point 
xO 

space increment AZ 

E elas t ic modulus 

force i n  x direction per uni t  length NX 

NY 
force i n  y direction per  unit  length 

shear force per unit length 

heat load i n  Btu/in sec 2 
XY 

N 

QW 
response matrix 

- iv- 
R 



c 

T 

T' 

TI F 

max Ti 

TO 

S 
T 

W 

a 

E 

€ 
X 

Y € 

x 
A '  

V 

U 
X 

Y 
0 

2 

YP 

U 

Q 

pi 
U 

L 
'i 

'i 

X y  
1 

temperature variable 

temperature a t  time t + A t  

interface temperature 

maximum allowable temperature 

i n i t i a l  temperature 

surface temperature 

weight 

coefficient of l inear thermal expansion 

emissivity 

s t r a in  in x direction 

s t r a in  i n  y direction 

fixed distance of travel 

variable distance of t ravel  

Poisson's ra t  i o  

stress in  x direction 

s t r e s s  i n  y direction 

s t r e s s  a t  upper surface of layer 3 

stress a t  lower surface of layer 3 

yield stress 

density of ith layer 

upper l i m i t  on density 

lower l i m i t  Qn density 

shear s t zvs s 
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w i 

dimensionless weight 

direction cosines 

dimens ionless density 
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CW"ER I 

FORMULATION AND SOLUTION OUTLINE 

1 e 1 Introduction 

This work is part  of the e f for t  being made t o  study the 

application of structural  synthesis ideas t o  a wide variety of 

problems with different governing technologies e 

Previous studies have been made of problems with tech- 

nologies from the areas o f  structural mechanics('), dynamics (2) 

and aeroelasticity (3) 

Themelas t i c i ty ,  the governing technology for t h i s  

problem, embraces the theory of the flow of heat and the theory 

of s t ra ins  and s t resses  due to the flow of heat. 

The mathematical model chosen for  study is shown i n  

Figure 1, 

square i n  shape, and of arbitrary dimensions, 

The structure i s  a laminated plate  of three layers, 

I t  is  assumed t o  

be par t  of a similar but much larger structure, 

The loading t o  which the plate  is subjected consists of a 

series of time dependent heat pulses applied at the surface. 

Radiation cooling is  provided at the surface and the lower 

boundary is insulated. 

Layers one and two are assumed to  be composed of high 

temperature res is tant  ceramic materials of variable porosity, 

expressible i n  t e n s  of the density, and of re la t ively high and 

low thermal conductivity respectively, The f i r s t  two layers are 
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Y assumd t o  be constructed i n  such a manner tha t  each possesses an 

effective modulus of e las t ic i ty  low enough to  reduce the induced 

I .  
thermal stresses and any influence on the s t i f fness  of the third 

or structural  layer t o  a negligible level, 

the effective low modulus of e l a s t i c i ty  is to  construct the 

One way of providing 

layers in a cel lular  o r  honeycomb form with spaces o r  p l a s t i c  

material between the cells t o  provide s t r e s s  re l ief .  The 

thennal properties of beryllium oxide and aluminum oxide are used 

I 

t o  represent the properties of layers one and two respectively. 

The third layer is a metallic structural  plate  t o  which the 

interpolated materials concept is applied, The thermal and 

mechanical properties of t h i s  layer are assumed t o  be functions 

of the density at  a given temperature, 

This type of heat resistant structure is  "passive" i n  the 

sense that  it depends on radiation cooling and heat capacity to  

absorb heat loads of high intensity and relat ively short dura- 

t ion  (4) . 
Changes i n  the thermal and mechanical properties of the 

materials composing the three layers due to  changes i n  temperature 

and density are considered, These relationships are shown i n  

Figures 9 through 17, 

Appendix C, 

The applicable equations are l i s t e d  i n  

1 , 2  "hemal Analysis 

The heat flow i n  the structure is assumed to  be one- 

dimensional and is taken t o  be positive i n  the direction of the 
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& 
applied heat pulse. 

response within the structure is found by solving the one- 

The space and time dependent temperature 

I dimensional heat flow equation: 
L 

a a T  
a z  a t  - (k E) = p c -  

The boundary condition a t  the surface expresses the fac t  that  the 

heat absorbed by the structure is equal t o  the difference bet- 

ween the applied heat and the radiated heat. This condition is: 

4 4 a T  
a z  Q(t)  - s E: ITs - To ) = - k - 

The lower boundary condition is: 

expressing the fac t  that no heat flows through the insulated 

surf ace, 

The resistance t o  heat flow between layers is assumed t o  

be zero therefore the boundary conditions for  the interface 

betwen the ith and i+lst layers are: 

and 

i i+l 

These equations mean t h a t  the temperatures of the two layers must 

be equal a t  the interface and that the heat flowing out of the 
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i* layer must equal the heat flowing in to  the i+lst layer, 

I The consideration of the variation of the thermal properties 
I 

8 
of the materials with temperature necessitates solving the heat 

flow equation by numerical means. 

is used and is discussed in  de t a i l  i n  Appendix A, 

A f i n i t e  difference technique 

1.3 The Elastic Analysis 

Thermal stresses are assumed to  be induced only in  the 

th i rd  layer and the thin plate theory is used fo r  analysis. 

layer is subjected t o  two sets of edge boundary conditions. 

case 1 the midplane of the layer is  allowed t o  expand freely but 

the midplane deflection is kept equal t o  zero by appropriate 

bending moments applied at  the edges, This case represents a 

condition of low stress i n  the  material. Case 2 represents the 

condition of high stress, In t h i s  case the midplane is neither 

allowed t o  expand nor deflect by appropriate inplane forces and 

bending moments applied a t  the edges,, Possible buckling of the 

p la te  i n  this case is  not considered. The e l a s t i c  analysis is  

discussed fur ther  i n  Appendix B, 

The 

In 

1 -4  The Synthesis 

The design parameters, the variables of the system which 

must be assigned t o  completely define a design, are the three 

densities pl, p 2 ,  

Specification of the depths fixes the geometry of the  structure, 

Specification of the densities defines the porosit ies of the 

p3 and the three depths dlg d2 and d3., 
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materials composing layers one and two and the type of material 

to  be used for  layer three, These s i x  variables are constrained 

Only by upper and lower bounds on the values of each, These 

bounds are called side constraints and the values used i n  t h i s  

problem are l i s t ed  i n  the Results and Discussion section, 

The maximum temperature i n  each layer, always occuring 

at the surface and a t  the interfaces, and the maximum stress, 

which occurs at the upper o r  lower surface of the third layer, 

are the measures of the response of the structure to  a given 

heat input, 

and are constrained by upper limits. 

These variables are t e m d  the behavior variables 

The design space approach is used in  the synthesis of 

the structure. 

of six mutually Orthogonal axes with each design parameter 

represented l inearly along an axis, 

described by a six dimensional vector i n  the space. 

The space is imagined as being formed by a set 

A design point is then 

The points comprising the design space may be divided 

into acceptable points and unacceptable points, 

designs are those designs which do not violate  e i ther  side 

constraints o r  behavior constraints. 

then are those w h i c h  do violate one or  more of these constraints. 

The acceptable 

The unacceptable designs 

I t  is impossible t o  separate off regions of  the space 

which contain unacceptable designs by expl ic i t  functions of the 
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design parameters. (Behavior functions). This is  because of 

the nature of the numerical approach taken in  the solution of 

the heat flow equation, 

The object of the synthesis then is t o  find by some auto- 

matic process tha t  acceptable point o r  group of acceptable points 

which causes the value of the merit function associated with the 

system t o  assume e i the r  a maximum o r  a minimum value. 

The merit function is  an expression involving the design 

parameters and is a measure of how much bet ter  one acceptable 

design is than another. 

The merit function for  t h i s  problem is the expression for  

the weight of the structure per uni t  area of surface: 

W dl + 
p 2  d2 + p3 d3 * 

The minimum of th i s  function is to  be sought by the  synthesis 

method. 

The technique used t o  achieve th i s  minimization is a steep- 

est descent alternate step method which is  discussed in  Appendix D. 
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CHAPTER I1 

RESULTS AND DISCUSSION 

2.1 Results 

Three cases are selected as examples of the synthesis process, 

Case 1 and 2 represent low and high stress conditions i n  layer 

three respectively, 

lower boundary replaced by a constant temperature heat sink. 

Case 3 is simply case 1 with the insulated 

The thennal loading t o  which the structure is subjected i n  

Cases one and two is  a set of two heat pulses each of 100 second 

duration. 

The f i r s t  pulse is defined by the following equations: 

t 0 seconds Q(t) = 

This is a tr iangular pulse with 
2 equal t o  2 Btu/in sec. 

The second heat pulse is  described as 

t c 0 seconds Q(t) = 

0 - < t - c 100 QW = 

t 7 100 Q( t )  = 

2 0 Btu/in sec. 

2 - 0.02 t 

0 

maximum ordin t e  a t  t = 0 

follows : 

0 Btu/in seco 

1 

0 

2 

2 This is a rectangular pulse with a value of 1 Btu/in sec. 



b 

For Case 3 the duration of each load condition is shortened to  

60 seconds t o  speed the analysis, Thus load condition 1 becomes: 

2 t < 0 seconds Q(t) = 0 Btu/in seca 

O < t  - - < 60 Q(t) 2 - t/30 

t > 60 Q(t> = 0 

and load condition 2 is: 

2 
t < 0 seconds Q(t) = 0 Btu/in sec. 

' h o  design paths are presented for  Cases 1 and 2 and one path 

for Case 3. 

design path is shown for  each case i n  Figures 2 ,  5 and 8 

respectively . 

The weight reduction as a function of time for  each 

The designs presented for comparison for  Case 1 are those 

designs obtained a f t e r  approximately 3000 seconds running t ime,  

The designs for  Case 2 are those reached a f t e r  approximately one 

hour of running time; and the design for Case 3 is that  reached 

a f t e r  approximately 5000 secondsc 

t o  reach a minimum weight i s  due t o  the length of time necessary 

t o  complete a design analysis, approximately 30 t o  40 seconds. 

The computing time required 

'he resul ts  for  Case 1 are: 
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DESIGN PATH 1 

Ini t ia l  Design Final Design 

3 = 0.1053 #/in dl = 0.617 in 3 p1 = 0.1 #/ in  

p 2  = 0.1 d2 = 2.0 p 2  = 0.0749 d2 = 1.186 

p 3  = 0.2835 d3 = 1.0 p3 = 0.0729 d3 = 1.048 

Weight = 0.6843 lb/in 

dl = 2.0 in. 

2 Weight = 0.2302 lb/ in  2 

DESIGN PATH 2 

Ini t ia l  Design Final Design 

3 = 0,1048 #/in3 dl = 1.702 in ,  p1 = 0.1 #/ in  dl = 0.66 in. 
p 1  

p 2  = 0.1091 d2 = 1.863 p 2  = 0.0743 d2 = 1.666 

p3 = 0.0772 d3 = 0.781 p3  = 0.0664 d3 = 0.615 

Weight = 0.4419 lb/ in  2 Weight = 0,2306 lb/in 2 



-10- 

c 

The results for Case 2 are: 

DESIGN PATH 1 

Ini t ia l  Design Final Design 

p1 = 0.08 #/in 3 dl = 2.0 in. p1 = 0.1 #/in $ = 0.656 in. 

p2 = 0.12 d2 = 2.9 p2  = 0.0742 d2 = 2.016 

p3 0.14 d3 = 1.0 p3 = 0.1626 d3 = 0.501 

Weight = 0.6582 lb/in 2 Weight = 0,2967 lb/in 2 

DESIGN PATH 2 

Init ial  Design Final Design 

p1 = 0.1 #/in dl = 2.5 in,  p1 = 0.1068 #/in dl = 0,588 

p 2  = 001 d2 = 2.5 p 2  = 0.0793 d2 = 1,569 

p3 = 0.2 d3 = 0.75 p3 = 0.1638 d3 = 0,646 

Weight = 0.6509 lb/in 2 Weight = 0.2930 lb/in 2 
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The resul ts  for Case 3 are: 

Ini t ia l  Design Final Design 

= 0.0804 #/in3 dl = 0.254 p1 = 0.1 #/in3 dl = 0.75 in.  p1 

P 2  = 0.1 d2 = 0.75 p2  = 0,138 d2 = 0.251 

P 3  = 0.1 d3 = 0.75 p3 = 0.0636 d3 = 0.502 

Weight = 0.2255 lb/in2 Weight = 0.0869 lb/in2 

The emissivity a t  the surface f o r  a l l  cases is  set a t  0.5 and 

the maximum allowable temperature in  each layer is 4000°R, 3000'R 

and lOOO'R respectively. 

shown in Figure 17. 

The stress limits fo r  layer 3 are 

The upper and lower limits on the design parameters f o r  

a l l  cases are: 

3 pL = 0.0665 #/ in  
I 

p L  = 0.0741 
2 

L 
p = 0,0631 

dL = 0.25 in. 

3 

1 

dL = 0.25 
2 

dL = 0.5 
3 

pu = 0.108 #/in 3 
1 

pu = 0,1445 

pu = 0,2835 

2 

3 

d' = 3,O in, 
1 

du = 3.0 
2 

du = 2,O 
3 
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c 
The limits on the densities and temperatures are controlled by 

the limits used i n  the material property data. 

the depths are arbitrary, 

The bounds on 

2.2 Discussion 

2.2.1 Case 3 

Case 3 is included t o  t e s t  the program by showing tha t  

the best thermal structure with a heat sink boundary condition 

is no structure, 

That the structure has a tendency to  disappear for  t h i s  

condition is  shown by the  fact  that  dl, d2, d3 and p 3  are 

essent ia l ly  a t  the i r  lower limits. 

The temperatures i n  the structure are a t  a maximum a t  

the surface and at the f i r s t  interface for  load condition 1 and 

therefore the design is "on" a behavior constraint. 

reduction of p1 and p 2 #  by decreasing the conductivity, would 

resu l t  in  a violation of the temperature constraint. 

Any further 

I t  is not known why p1 and p 2  assume a low and high value 

respectively, This is opposite t o  the behavior of the designs 

i n  Cases 1 and 2 which are discussed next. 

re la t ive values may indicate the fact  that  relative minima 

The reversal of 

ex is t  although th i s  idea is not examined further, 

Obviously by providing some cooling a t  the lower boundary 

the weight of the thermal structure can be reduced but a weight 

penalty may be paid i n  providing the cooling mechanism, 
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The weight reduction as a function of time for  Case 3 

is shown i n  Figure 8, 

2.2,2 Cases 1 and 2 

These cases are the ones of greatest interest .  The 

weight reduction as a function of time fo r  each case is shown i n  

Figures 2 and 5 respectively. 

are of considerably different weight and yet converge t o  two 

f ina l  designs of nearly equal weight, the difference being 0.17%. 

Design path 2 for  Case 1 was allowed t o  run t o  7000 seconds. 

Only a 0,4% weight improvement was realized over the design a t  

3000 seconds, 

In Case 1, the i n i t i a l  designs 

For Case 2 the paths, i n i t i a l l y  a t  essent ia l ly  the same 

wigh t ,  diverge during the synthesis and reconverge after a period 

of approximately one hour., 

f i na l  designs i n  Case 2 is 1 , 2 % ,  

The weight difference f o r  the two 

TWO design paths are run fo r  each case to  attempt t o  

reach the  same f ina l  design, 

obvious by examining the values of the design parameters fo r  

each design path, 

That this is not accomplished is  

For both cases the  density design parameters show more 

similari ty than the depth parameters indicating a lack of sensi- 

t i v i t y  of the response of the s t ructure  to  i ts  geometry. 

For the two f inal  designs i n  each case, the density of 

layer 1 is f a i r l y  close t o  its upper l i m i t  result ing i n  a relat- 

ively high conductivity for  t h i s  layer; for  layer 2 ,  the density 
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is near the lower limit resulting in  a re la t ively low thermal 

conductivity. 

The density of layer 3 for  both runs i n  Case 1 lies i n  

the magnesium range reflecting the fac t  tha t  l i t t l e  high tempera- 

ture strength is required for t he  lowest stress case. 

In Case 2 ,  the density of layer 3 fo r  both runs lies i n  4/$<L.." p& / - 
the titanium range. 

ture strength and a low coefficient of l inear  thermal expansion. 

These properties combine t o  provide a reduction of the thermal 

stress and an avoidance of the stress constraint. 

This material posses suff ic ient  high tempera- 

Temperature constraints are the  only active ones fo r  both 

Although the stress constraints were active during the cases. 

synthesis fo r  Case 2 the f inal  designs fo r  both runs are not 

bound by these constraints. 

The weight of the designs in  Case 2 is higher than tha t  

i n  Case 1 due t o  the use of the higher density metal i n  layer 3 .  

For the designs of Case 1 the temperature respollses a t  

the surface and the two interfaces for  load conditions 1 and 2 

are shown i n  Figures 3 and 4, 

The temperature response a t  the surface and the first 

interface is essent ia l ly  identical fo r  both designs in  both 

load conditions throughout the time of analysis and is shown 

only up t o  the maximum value, 

drawing fo r  c la r i ty ,  

2 causes a delay i n  the time a t  which the m a x i m  temperature 

The curves are separated on the 

The greater thickness of layer 2 i n  design 
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i n  layer 3 is reached. 

act  on the system are the m a x i m  temperature of the third 

layer, reached i n  load condition 1, and the maximum temperature 

of the first layer, reached i n  load condition 2, 

The temperature constraints which 

For Case 2 the temperature responses are shown i n  

Figures 6 and 7. Again the response a t  the surface and a t  the 

first interface is essentially identical  throughout the time 

of analysis for  both designs f o r  both load conditions, 

case, the maximum temperature response i n  the th i rd  layer of 

design 1 fo r  load condition 1 is delayed by the greater thickness 

of layer 2, 

are also active i n  Case 2. 

In t h i s  

The same temperature constraints active in  Case 1 

Although the weights of the two runs fo r  each case are 

essentially the same, the designs are not identical. 

differences are explainable i n  terms of the heat stored i n  each 

design as a function of time, 

The 

In Cases 1 and 2 the heat stored in  any system a t  any 

t i m e ,  t ,  is given by: 

r t  P t  
4 4 

[Ts - To ] dt  Qs tored = I Q(t> d t  - SE 1 
IO 

I 
0 

Since s and e are assumed constant they are removed from the 

integral  sign, 

1 or 2,  

This equation is valid fo r  e i the r  load condition 

In both cases the greatest amount of heat is transmitted 

t o  the structure during load condition 1 due t o  the lower surface 
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temperatures 

The surface temperature response of the two designs i n  

The response is also the same fo r  the two Case 1 is the samee 

designs i n  Case 2 .  

Thus, from the heat storage equation it is seen that  

designs with the same surface temperature response contain the 

Same amount of heat energy at  any time t. From t h i s  point of 

view, the designs i n  Case 1 are the same and those i n  Case 2 

are the samec 

pseudo-design parameter a 

The ab i l i ty  to store heat energy is termed a 

I t  is impossible t o  express t h i s  heat storage ab i l i t y  

in  an analytical fashion due to  the non-linearity of the problem 

and the numerical approach used i n  its solution, 



CHAPTER I11 

CONCLUSIONS AND RECOWDQTIONS 

3 e 1 Conclusio-rn 

This work has shown that synthesis ideas may be applied 

successfully t o  a system with a t h e m e l a s t i c  governing 

technologye 

The system which was investigated was a three-layered 

The problem plate  subjected t o  heat pulses at  the surface, 

was t o  design the p la te  for minimum weight such tha t  maximm 

allowable temperatures and thennal s t resses  were not exceeded. 

Attempts t o  double-point designs were not successfula 

However, f r o m  the point of view of the weight and a pseudo- 

design parameter, the heat storage ab i l i t y ,  the designs were 

shown t o  be essent ia l ly  identical, 

I t  cannot be said that the  synthesis technique leads t o  

an absolute minimum weight design, 

synthesis program resul ts  in a design improvement although 

some confidence i n  the ‘abil i ty of the program t o  reach a m i n i m  

i n  this problem is f e l t  from the fact  that double-pointing 

I t  can be said tha t  the 

resulted in  designs of essentially the same weight, 

The analysis portion of the program is general i n  that  it . 

may be used t o  solve any one dimensional heat flow problem as 

long as the thermal properties are known, 

-17- 
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The synthesis program is restr ic ted to  a problem of this 

type where the merit function is not "pathological" ( i s  

continuous i n  value and slope) and does not have zero o r  nega- 

t ive  gradient components, 

3 2 Ret-ndat ions 

Originally a l l  three layers were assumed t o  sustain thermal 

stresses,, I t  was found i n  early analyses tha t  the stresses i n  

the b r i t t l e  ceramic layers were too high, greatly exceeding the 

rupture strength of the materials. A lack of a sui table  ceramic 

fai lure  cr i ter ion and a knowledge of the fac t  tha t  structures 

of th i s  type have been bui l t  and subjected t o  very high 

temperatures led t o  the assumption of low effective modulus of 

e l a s t i c i ty  f o r  the ceramic materials, 

I t  would be interesting t o  include the ceramic layers as 

an integral  par t  of the load bearing structure i f  a fa i lure  

c r i te r ion  and modulus of e las t ic i ty  data were available. 

I t  would also be interesting t o  include a temperature 

dependent emissivity a t  the surface and a maxinum temperature 

fo r  layer 3 which would depend on the material used, 
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Appendix A 

? H E W  ANALYSIS 

* 

An xpli it type of f in i te  differen,, solution t t h e  he t 

flow equation is used. 

layers or nodes of thickness Azi = di/ni and the material 

properties of each node are assumed t o  be constant at time t, I t  

is also assumed that the temperature at the center of any node a t  

time t + A t  is dependent on the temperature of the node, the 

temperatures of adjacent nodes, and the material and geometric 

properties a t  time t,  

Each layer is divided into ni sub- 

A heat balance equation is written equating the net  heat 

flow into a node t o  the heat stored i n  the node during a time 

interval A t e  

ture of the node in  question at time t + A t e  

This equation may then be solved for  the tempera- 

For the jth node of the ith layer, shown i n  Figure 20-a, 

the heat balance equation is:  

P -  C. Az.(T! - Tj) 
1 J  1 J  

t h  This equaticm may be solved for  the temperature of the j 

node at  time t + A t :  

-41- 
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A t  

i j  i 
T! = T  + f kj-1 (Tjml - Tj' 

j 2 p . c .  Az J 

This equation is valid for a l l  i n t e r io r  points of the ith layer, 

The average values of the conductivities of the adjacent nodes 

are used to  provide a bet ter  approximation. 

A t  the surface the radiation boundary condition is  approxi- 

mated by assuming t h a t  the surface temperature is the tempera- 

ture at  the center of a subnode of depth AZ1/3. 

This may be seen i n  Figure 20-b. 

the subnode gives: 

A heat balance equation for  

- - 4 4  At[Ts - T11 
Az Q A t  - SG A t  [Ts - To ] - 3 kl 

1 

This may be solved for  the surface temperature a t  t i m e  

t + A t :  

4 4 [Q AZl - SE Azl us - To 1 A t  Ti = Ts + 
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The heat balance equation for  the f i r s t  node becomes: 

The temperature of the f i r s t  node a t  time t + A t  is: 

T1’ - TI + At 2 [2 Azl (Q - SE (Ts 4 - To 4 
2P 1 Cl Az1 A I  A. 

th The interface temperature at the qth interface between the i 

and i + lSt layer, see Figure 20-c, is found by writing the heat 

flow equation fo r  the nodes adjacent t o  the interface: 

2 k. [T. - TIF ] 2 k.+l (TIF - T. J+l ) - - 

k. J T. J + * Z i t i  [kj+l Tj+ll  
TIF_ = 

A z2 Y 

where j denotes the interface node of the ith layer. The f i r s t  

interface is taken to  be between layers 1 and 2 and the second 

interface is between layers 2 and 3,  
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A heat balance equation fo r  the jth node on the q* inter- 

face is: 

k. ,l+k. A t  [Tj,l-Tj] e - 2 k.  ITj - TIFq] - A Zi = 
I 

The temperature at the interface node at time t + A t  is: 

- T.(k + 5kj) + 4 k .  TIF ] J j-1 I 9  

where j denotes the interface node of the i* layer, and in a 

similar manner it i s  found that: 

+ 4 k.  TIF ] 
3 9  

where j denotes the first node i n  the i+lst layer. 

The temperature equation for the last  node i n  the th i rd  layer is: 
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The reason for  set t ing up approximating equations for  the surface 

and interface temperatures is that  the m a x i m u m  temperatures 

occur a t  these points and they are therefore of greatest  interest .  

"he temperature response of the structure is then repre- 

sented by dividing the maximum temperature in  a layer by the 

maximum allowable temperature for  the layer, Thus there are 

three values which mst be checked for  each load condition to  

see i f  a temperature constalnt has been violated, 

in  determining the temperature response is as follows: s ta r t ing  

from an i n i t i a l  temperature distribution a t  t = 0,  the material 

properties are evaluated at  each node and the temperatures a t  

each node, the surface, and the interfaces are calculated for  

t i m e  t + A t ,  

based on the new temperature distribution and the  time is 

incremented once more. 

The procedure 

The material properties are then recalculated 

This process is repeated un t i l  a maxi- 

mun temperature is reached in each layer, 

observe the s t zb i l i t y  relaticmhip be?~eer? A t  ad bz which is: 

Care is taken to  

2 1 P C A Z  
A t < Z - k  

The number of nodes for  each layer is fixed at  the start of the 

program and A t  m u s t  be less than the smallest value calculated 

from th i s  relationship. 

The emissivity is arb i t ra r i ly  s e t  a t  0,s for  the cases 

discussed i n  t h i s  work, however the program is f lexible  enough 
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t o  include any variation of t h i s  quantity with temperature, 

etc. 

chosen as 500°R, and the maximum allowable temperatures fo r  

each layer are 4000°R, 3000'R and lOOO'R respectively. 

limits are somewhat a rb i t ra r i ly  chosen but are mainly controlled 

by the material property data, 

The i n i t i a l  temperature throughout the structure is 

These 

"he computer program i s  presented in  Appendix E. 
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Appendix B 

ELASTIC ANALYSIS 

The thin p la te  theory is used i n  the stress analysis of 

the structural layer the material of which is assumed t o  be 

homogeneous, and isotropic,  

For a coordinate system with origin at the midplane of the 

th i rd  layer the  s t r a in  displacement relations are: (6) 

2 a u  a w  
-7 X a x  E = -  

a x  
3 

Since the deflection of the midplane is  zero: 

0 a “W - a ‘W - a‘ w - 7 - w =  7 a Y  

Therefore the s t r a in  does not expl ic i t ly  depend on z. 

The s t ress -s t ra in  temperature relations are: (7) 

E Ea AT 
+ v d -  ‘n Y ‘ V  
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where AT = T - To 
For Case 1, N 

equations are: 

= Nx = N = 0 and the applicable equilibrium w Y 

r I I 

Substituting the stress-strain relations into the equili- 

brium equation gives : 

E X 15 I *- I Ea AT & = O  
1 - v  

Z Z z 

and 

yxY I& d Z = O  

Z 



I . 
The latter equation implies that  y = 0 and that there- 

X y  

fore the x and y directions are the principal stress directions. 

From the f i r s t  two equations the conclusion is reached tha t  

E = c and that  therefore ux = u = u. 

The quantity ex is given by: 
X Y  Y 

Eu AT dz I - - 2  

I &X 

J E dz 
z 

These integrals are evaluated numerically i n  the analysis 

program. The value fo r  a at the jth node of the third layer is: 

Poisson's r a t io  is assumed t o  remain a constant for  layer 

three. 

For Case 2 from the stress-strain relations the stress i n  

the layer is simply: 

E. a .  AT. 
a = -  
j 1 - v3 

(B- 3) 

Since a biaxial state of stress exis t s  the von Mises cr i ter ion is 

used t o  define fa i lure  of  the material due to  stress. This 
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* 

relationship is : 

2 

YP 
< 1  d a -  

The maximum stress may occur a t  e i ther  the upper o r  lower 

boundary of the th i rd  layer. 

Checked t o  see if a stress constraint violation has occurred. 

Therefore two points m u s t  be 

The computer program is  presented in  Appendix E. 



Appendix C 

?HERMAL AND ME(SIAN1cAL PROPERTIES 

For layers 1 and 2 the density is used as an independent 

variable i n  describing the material properties. 

ship between porosity and density is: 

The relation- 

porosity = [I - 5 3 

Layer 1 - Beryllium Oxide 

Conductivity Equations - F i g p  9 
3 10 (dense material) for  p = 0.108 lbs/in 

186 x l o g 2  43,4 10-5 Btu i n  k =  
T inZ secoR 

for p = 0,0826 (23,5% porosity) 

for p = 0,0665 (38.5% porosity) 

For values of the density which l i e  between the above values 

the conductivity is found by l inear  interpolation, 

-51- 
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Specific Heat Equation - Figure 1 2  (10) 

for  500"R < T < 2000'R - - 

Btu (C4) -7' 2 C = - 1.2 x 10 T + 0.478 x 10m3T + 0.03 - 
1b"R 

for  T > 2000"R 

C = 6.5 x 10" T + 0.38 

Layer ~2 - Aluminum Oxide: 

Conductivity Equation - Figure 10 

fo r  p = 0.1445 lbs/in 3 (dense material) 10  

Btu i n  k =  24*3 'O" - 1.422 x lo-' 'r T i n  sec R 

for  p = 0.110 (23.4% porosity) 

18.7. X - 1,222 k =  
T 

for p = 0,0741 (48.7% porosity) 

A l inear interpolation is used t o  find values of k for 

densities which l i e  between the values given above. 

Specific Heat Equation - Figure 1 2  (10) 

for  500'R T 2000"R -. - 
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. 
(C9) C = - 8 x 10 -8 T 2 + 0.28 x T + 0,05 Btu 

lboR 
for T > 2000'R 

C = 2.5 x lo" T + 0.24 (C10) 

Conductivity Equation - Figure 11 (10) 

Layer 3 

for 0.0631 - < p - < 0.166 lbs/in3 

at  T - 500'R 
k = -7.25 x 10 -1 p 2 + 1.5 x 10"p - 4.79 x 10  -3 7 Btu i n  

in  sec R 

k = - 5.94 x 1 0 " ~ ~  + 1.22 x 1 0 - l ~  - 3.54 x l oq3  (C12) 

for  0.166 P c 0.2835 

at  T = 500'R 

-.. 

k = - 9.11 x 10'4p + 45.3 x l o w 5  

and at  T = lOOO'R 

(C14) k = 4.26 x p + 24.35 x lo" 

for  values of the temperature between 500°R and 1000°R k is 

found by l inear  interpolation. 



-54- 

. 

Specific Heat Equations - Figure 1 4  (10) 

for  a l l  values of t he  density a t  500'R 

C f~ 0,180 + 0.0667 tanh [26.11 (0.118-p)] - Btu (C15) 
lb'R 

Corrections due t o  temperature are: 

fo r  0,0631 c p - c 0.0978 

AC = 7 x 10" T - 0.035 

fo r  0.0978 c p - 0.166 

AC = (-0.289 p + 0.063) (,&, - 1) 

and fo r  0.166 c p c 0.2835 
e 

(C18) T AC (-0.0113 p + 0.0172)  SIR^ - 1) 

These corrections are added to  the  value found for  a 

given density at  T = 500°R. 

Modulus of Elast ic i ty  - Figure 15 (7,491 

a t  T = 500'R 

( C19) 6 E = 97.4 p x lo6 + 0.286 x 10 

for T = lOOO'R 

(C20) 6 E = 102 p x l o 6  - 3,92 x 10 

A linear interpolation is used to  find E for  500'R c T < 1000'R. 

Thermal Expansion - Figure 16 (10) 

for  0.0631 c p 0.166 - 



. 
for  T = 500'R 
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a = - 4,63 x 10 -4 p 2  + LO 1 0 - ~ ~  + 14.4 ( ~ 2 1 )  

for  T = lOOO'R 

a = - 1.016 x 10 -3  p 2  + 11.7 x lO"p + 13,4 x (C22) 

A linear interpolation is used t o  f ind a 

fo r  0.166 p < 0.2835 

fo r  500'Rc T <lOOOOR.  

-. 

a = 42.8 x p - 2.2 x loe6  (C23) 

Yield Stress - Figure 17 (7,8,9) 

for  T = 500°R 

3 4 lbs  = (-79.7 x 10 ) ( C O S  (18.6 (p-  0.03))) + 9 x 10 '7 
i n  YP 

(C24) 
f o r  T = lOOO'R 

u - 1.26 x lo6 p 2  + 7.39 x 105p - 3.76 x 10 (C25) YP 

A linear interpolation is used to  f ind u f o r  500'R c T < 1000°R, 
YP 

The data is fo r  use i n  i l l u s t r a t ive  examples. Improvements 

and refinements i n  material property data could be inserted in to  

the program w i a  re la t ive  ease. 



Appendix D 

sY"ES1s 

The technique used is a steepest-descent alternate-step 

method i n  which the al ternate  step is made i n  the hyper-plane 

tangent t o  the weight surface a t  a par t icular  point. 

The merit function is non-dimensionalized and the variables 

scaled by dividing both sides by the product of a reference 

density and depth, pR %. The dimensionless merit function is: 

$ = w1 tl + w 2  t2 + w3 t3 

The variables are scaled so that the design parameters and 

gradient components with respect t o  the design parameters are of 

the s a m  order of magnitude. 
3 PR = 0.1 lb/in . 

In t h i s  problem % = 1 , O  in. and 

The response of the structure is expressed by a response 

matrix: 

lR1 = I 
where the row subscript corresponds t o  the behavior function 

examined and the column subscript denotes the load condition. 

For example for load condition one the elements of the response 

matrix are: 

-56 -  
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max 
lmax 

TS 
Rll = 7 

TIFl m a x  
Rzl = T 2 rnax 

T1F2 m a x  
R31 = 7 3 m a x  

2 
R41 - 0  - - at upper boundary of layer three 

c) 

Rsl = - Q 2 at lower boundary of layer three. 

YP 
CJ 

Thus whenever an element of the response matrix exceeds the 

value 1 a behavior constraint is  violated and the particular 

design is unacceptable, 

The merit function is thought of as forming a hyper-surface 

in  the design space, The gradient t o  th i s  surface is: 
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From th is  the direction cosines of the gradient, , may 

be found. 

The synthesis is ini t ia ted by s ta r t ing  from an acceptable 

design point and moving a specified distance i n  the negative 

gradient direction. This procedure provides the maximum weight 

reduction and is expressed by: 

.. .. .. 
x' = xo - X I +  

In this problem the value of X is set a t  0.3.  This value 

is simply the resul t  of experimentation and gives reasonable 

changes in  the values of the design parameters. 

The new design is checked fo r  violations of side and behav- 

is replaced by x '  and 

No acceleration of the move Lf provided 

- 
i o r  constraints and i f  there are none 

a similar move is made. 
xo 

La.- 

since the dimensions of the space are sucn that  only one or two 

moves of th i s  type are necessary t o  cause constraint violation. 

I f  violztinn of one o r  more side constraints occurs the distance 

t o  the nearest side constraint, A ' ,  is computq and a new move 
,I 

is  made t o  the side constraint: 

.. .. .. 
x' = xo - A '  I$ 

The constrained point is then checked fo r  behavior con- 

s t r a i n t  violations. 

side constraints is made, 

gradient direction and then equating the violated constraints to  

I f  there are none a move paral le l  t o  the 

This is done by moving i n  the negative 
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t he i r  lower limits, Moves are then made in  the new direction 

un t i l  side or  behavior constraint violation occurs., 

When a behavior constraint is  violated a quadratic approxi- 

mation is used t o  find a point that  lies "on" a behavior con- 

straint, i r e o ,  a design fo r  which the maximum value of any 

element of the response matrix is one. 

assumed to  vary quadratically as a function of distance from 

the l a s t  acceptable point t o  the point of violation., 

maximum values of the response matrix fo r  each of these points 

and one halfway between as data a quadratic function is set up. 

The distance from the acceptable point to  the desired point "onff 

a behavior constraint is then computed. 

very well and convergence usually took place within one or  

two cycles. 

The maximum response is 

Using the 

This method worked 

Once a point is found 'ton'f a behavior constraint, the 

alternate step is  made, 

specified distance,chosen as 0,s i n  t h i s  problem, in  the 

direction given by the following procedure: 

are found i n  the directions of the points of intersection of the 

tangent hyper-plane w i t h  axes paral le l  t o  the coordinate axes 

and passing through the minimum weight point, 

s ta r t ing  with the equation for the hyper-plane which is: 

This is accomplished by moving a 

Six unit  vectors 

This is done by 

5 

where x' in  th i s  case represents a point on the hyper-plane, 
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setting all  the design parameter values on their  lower limits, 

and solving for the point of intersection with each axis, The 

process is i l lustrated in  Figure 21. In this  three dimensional 

case X1, X2 and X3 correspond to the design parameter axes; 41, 

42 and 43 are the alternate step search directions f r o m  the 

occupied point, 

X3 respectively. 

Axes 1, 2 and 3 are parallel  t o  X1, X2 and 

The s ix  unit vectors are then used t o  generate other search 

directions, 

combinations of the s ix  vectors. 

This is done by taking a l l  possible vector-sum 

For example the s ix  vectors 

are sunnned one a t  a time, two a t  a time, three a t  a time, etc,  

T h i s  process results i n  a total  of 63 vectors which are a l l  made 

of unit  length, 

the plus and minus direction of each resulting in a to ta l  of 126 

different moves. 

Moves are then made the specified distance i n  

Many of these moves may be prohibited i f  the occupied point 

lies on a side constraint. 

af ter  moving the specified distance the distance t o  the constraint 

is computed and a new move is  made one-half th i s  distance in  order 

t o  place the point in  a supposedly free region, 

If a side constraint is  encountered 

The 126 new designs are ordered according to  merit and 

checked start ing with the lowest weight design, 

able design with a weight lower than that of the occupied point 

is found, th i s  design is  taken as a new start ing point and the 

entire synthesis process begins again wi th  a move in  the negative 

I f  a new accept- 
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gradient direct  ion, 

Acceptable designs of weight higher than that of the occupied 

point are checked but these moves are not accepted unless a valid 

design is found a t  a lower weight than that  of the occupied point 

after moving in  the negative gradient direction from the higher 

weight design. 

I f  the problem is unsuccessful i n  finding a new acceptable 

design a f t e r  checking 126 nearby alternate designs the occupied 

point is assumed to  be the minimum, 

A fixed number of search directions is chosen because it is 

f e l t  that  there is no advantage in  taking a random approach t o  

the problem due t o  the length of time, 30 to  40 seconds, needed 

to  complete each design check, 

The program is outlined in  Appendix E, 
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* 

Appendix E 

COMPUTER PROGRAM 

The computer program was written i n  the Algol 58 (Balgol) 

compiler for  the Univac 1107 Digital Computer. 

t h i s  appendix are a list of program symbols and a l i s t i n g  of 

the ent i re  program. 

Included i n  

The analysis section was set up as a procedure o r  independent 

sub-program. This made it possible t o  enter and leave the analysis 

routine at  any point i n  the synthesis program. 

Flow charts fo r  the program are shown i n  Figures 18 and 19. 

-62- 
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. 
PU 

PL 

w 
DL 

DP 

Dw 

DPL 

DPO 

DPP 

PSI 

PHI 

R 

RP 

RO 

DPA 

N 

DO 

DPW 

DP1 

DP2 

0 
-~ 

DPTl  

D E 2  

SYNll-IESIS PROGRAM SYMBOLS 

upper l i m i t  on density 

lower limit on density 

upper limit on depth 

lower l i m i t  on depth 

design param t e  r ( dimens ionl ess ) 

upper l i m i t  

lower limit 

i n i t i a l  design 

new design 

direction cosine 

direction cosine 

response matrix 

auxillary matrix 

auxillary matrix 

auxillary matrix 

number of nodes 

i n i t i a l  design density 

i n i t i a l  design depth 

auxillary matrix 

auxillary matrix 

auxillary matrix 

auxillary matrix 

auxillary matrix 

auxillary matrix 
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21 

DPS 

WT 

of1 

I 

J 

U 

V 

NQ 

G 

H 

M 

CR 

TEST 

NRM 

F 

Si: 

SIG 

(EI 

K 

ANALYSIS 

E 

L 

awcillary matrix 

auxillary matrix 

weight 

direction cosine 

layer subscript 

node subscript 

auxillary subscript 

a m i  11 ary subscript 

number of load conditions 

mber of nodes i n  layer 1 

number of nodes i n  layers 1 and 2 

t o t a l  number of nodes 

load condition label 

output of check procedure 

number of elements i n  response matrix 

auxillary variable 

ai-ixillary vgriable 

auxillary variable 

auxillary variable 

auxillary variable 

analysis procedure 

quadratic approximation procedure 

design t e s t  procedure 

to le rance 

distance of travel 
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ELL auxillary variable 

LN auxillary variable 

RMX maximum response 

R E M N  auxillary variable 

DIP auxillary variable 

I distance of travel Mu 

I 

I 
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